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Multigrid Acceleration of a Relaxation Procedure
for the Reduced Navier-Stokes Equations

A. Himansu* and S. G. Rubint
University of Cincinnati, Cincinnati, Ohio

The multigrid method is applied to obtain significant improvements in the convergence rate of an iterative
relaxation procedure for the numerical solution of the reduced Navier-Stokes equations. The iterative algorithm
uses ‘‘streamwise’’ marching sweeps, in a line-relaxation mode, to determine the pressure field. With the use of
the multigrid procedure, considerable computational work multiplied by memory efficiency results for both in-
viscid transonic flow and laminar viscous flow with strong interaction. In addition to applying the standard Full
Approximation Storage multigrid technique (full coarsening), a modified technique involving multigridding in
only the streamwise direction (semicoarsening) is investigated. The latter is shown to be significantly better for
flow behavior that is sensitive to grid stretching in the direction normal to the body surface. The problems con-
sidered in this study include trailing-edge flow (where the pressure gradient is singular), separated flow in a
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Carter-Wornom trough, and transonic inviscid flow over a parabolic-arc airfoil.

Introduction

UMERICAL solutions to the full Navier-Stokes (NS)

equations usually require considerable computer memory
and computational speed for the fluid-flow problems that are
of current interest. In recent years, it has been shown by Rubin
and coworkers that, for a large class of flow problems, the full
NS equations can be approximated with negligible loss in ac-
curacy by the reduced Navier-Stokes (RNS) system, in which
selected viscous terms are omitted. The primary advantage of
the RNS approximation is improved computational efficiency,
i.e., fewer iterations and less storage. By using an appropriate
coordinate system, flows involving strong viscous-inviscid in-
teraction, axial-flow separation, shock interactions, and
upstream influence can be determined from the RNS model.
The ellipticity of the equations is represented by an inviscid
(acoustic) pressure interaction rather than by axial viscous dif-
fusion. This is reflected in the formulation of an uncondi-
tionally stable line-relaxation solution procedure for the RNS
equations, presented in an earlier study by Rubin and
Reddy.!! This iterative procedure uses marching sweeps, from
inflow to outflow, to decrease the error of a stored pressure
field. The velocities are generated during each sweep; storage
of the velocities is necessary only in regions of separated flow,
if upwind differencing is used for the streamwise convective
terms. This algorithm has been applied to the computation of
several incompressible and subsonic/transonic steady flows
with strong interaction and/or upstream influence by Reddy
and Rubin!®!'! Khosla and Lai*® and Ramakrishnan and
Rubin.?

It has been shown by Rubin and coworkers that, for very
small steamwise step-size and large subsonic extent of the
computational domain in the ‘‘normal’’ direction, the con-
vergence of the relaxation procedure slows markedly. In the
present study, this difficulty is addressed and overcome by the
use of a multigrid method to accelerate the convergence of the
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algorithm. The muligrid method employs a hierarchy of grids
and speeds up transfer of information across the flow domain
by solving related problems on coarser grids, while maintain-
ing fine-grid accuracy. Recently, Israeli and Rosenfeld* have
demonstrated some success in the application of the multigrid
technique to RNS line relaxation. They introduce a source
term that improves the error-smoothing properties of the line-
relaxation procedure. The present study explores the impor-
tance and effects of this source term.

Large Reynolds number flow solutions are typically sen-
sitive to grid stretching and distribution in the direction nor-
mal to the surface; therefore, the solutions may not be well
represented on the coarser grids required in the multigrid
method. For this reason, a modified technique that uses the
multigrid philosophy in only the streamwise direction is also
investigated in the present study. Comparisons between full
coarsening and semicoarsening approaches reflect the strong
influence of grid stretching on the multigrid strategy and the
importance of semicoarsening for the class of problems con-
sidered herein.

Governing Equations

For the flow problems considered in the present study, it is
possible to use the condition of constant stagnation enthalpy
in lieu of the full differential energy equation. With this
simplification, the RNS equations for steady, two-
dimensional, laminar, compressible flow, written in conserva-
tion form and in a sheared Cartesian coordinate system (£,7),
are given as follows:

Continuity:

(pu) + (pv),=0 6]

X momentum:

(o) + 5 (ouv+yi0u?) + [ (1+y2) puv+yipv*],
1
+pi_?(/"un)n=0 7))

¥y momentum;

(puv+yppu? ) + (pv* +y4puv), +p, =0 3
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Constant stagnation enthalpy:

-1

T+L72—)M?,,[u2+ (v+yju)*] =const=H, @

Equation of state:

oT
__ P 5
=t )
Viscosity law:

T ©)

Equations (1-6) are given in dimensionless, primitive
variable form. The freestream Mach number is M and R is
the Reynolds number based on freestream conditions and
some reference length. A shearing transformation is used to
simplify the application of the boundary conditions; the
transformation from Cartesian (x,y) to sheared coordinates
(%,7m) is given by

E=x; N=y—yp(X) M

The Cartesian normal or y component of velocity V is re-
lated to the transformed velocity v by

v=V—-yju ¥

In Eqgs. (7) and (8), y, (x) defines the body surface, and y,,
defines the slope of the surface. )

Inflow boundary conditions are specified on u, v, p, and p,
and an outflow boundary condition is required only for p. In
the 5 direction, one boundary condition is required for each of
v and p, and two for u. The RNS approximation, equations,
and boundary conditions are discussed more completely in
Refs. 5-11 and in the section on results in this paper.

Numerical Discretization and
Relaxation Scheme

The RNS equations contain all the terms in the Euler as well
as the interacting boundary-layer and triple-deck equations.
The mechanism that provides acoustic or upstream influence
is the coupling between the streamwise pressure-gradient term
in the ‘‘axial’’ momentum equation and the axial convection
term in the ‘“‘normal’”’> momentum equation. Axial-flow diffu-
sion as well as all diffusion terms in the normal momentum
equation [Eq. (3)] are negligible; therefore, the RNS equa-
tions contain only convective and pressure axial-flow
derivatives. These are of first order with respect to the stream-
wise coordinate £. If these terms are discretized with backward
differences, as for an initial-value problem, solutions can, in
principle, be obtained by marching in the streamwise direction
with prescribed initial conditions. However, it was shown by
Vigneron et al.'# that, for well-posedness of the initial-value
problem, only a portion (wp,) of the pressure-gradient term
can be treated implicitly. The factor w is given by w=aw,,,
where O0=a =<1 and

wy =min [f(M;),1] ©a)
F(M) =yME/[1+ (y—1)M2] (9b)

where M, is the Mach number of the streamwise velocity
component.

The correct form of the pressure-gradient discretization has
been obtained in Refs. 5-11 by incorporating the elliptic or
boundary-value nature of the problem in subsonic flow
regions. The pressure-gradient term is written as

w(Pg)h"‘ (l—w)(pg)e

where (p;), is the “‘hyperbolic” portion of the pressure gra-
dient, which is backward-differenced; (p;), is the ““elliptic”’
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portion of the pressure gradient, which is forward-differenced
to allow for upstream influences. It can be seen from Eq. (9)
that p; is almost fully forward-differenced in low subsonic
regions and almost fully backward-differenced in high-
subsonic or supersonic regions. In particular, for incom-
pressible flow, p; is only forward-differenced; the interpreta-
tion of this differencing is discussed with reference to a
staggered grid, in earlier studies. The £ derivatives of the con-
vective terms are backward-differenced to first- or second-
order accuracy. This follows the characteristic domain of de-
pendence and physical mechanism of flow convection.

The continuity equation is discretized about (i, j—'2), the
x-momentum equation about (4, j) and the y momentum
equation about (i, j+ Y2). All » derivatives are second-order
accurate.

The discretized system leads to a set of coupled nonlinear
equations for u, v, p, and p. The solution operator S" applied
here is of the iterative line-relaxation type. The equations are
written at a given streamwise station (¢ =const line, indexed
by /) and are solved to a prescribed level of accuracy before
proceeding to the next downstream station. The quantities
having the index (i) represent the unknowns at the station /.
The pressure p; is eliminated from the momentum equations,
in favor of the density and the velocities, with the aid of the
constant stagnation enthalpy condition [Eq. (4)] and the
equation of state [Eq. (5)]. The nonlinear terms are
quasilinearized to second order about the previous local iterate
or guessed value. The resulting linear system is inverted by a
standard LU decomposition. The computed unknowns are
used to update the previous iterate, and the inversion is
repeated until local convergence is achieved. At any station i,
the downstream pressure p;,; appearing in the equations is
unknown. This leads to a global iteration process. The equa-
tions are marched downstream, with p,, , prescribed from the
previous global iteration. The pressure is then updated by the
computation at i+ 1. This process is repeated until con-
vergence is achieved, i.e., the change in the pressure field from
iteration to iteration is reduced to a prescribed tolerance. For
unseparated flows, the algorithm requires storage of the
pressure field only; the velocities are generated during each
marching sweep. It should be noted here that numerical infor-
mation from the flow at any downstream location propagates
upsteam only one mesh width per global iteration. This is
typical of line-relaxation smoothers.

The stability and convergence properties of the global-
relaxation procedure have been investigated by Reddy and
Rubin.’® Their analysis shows that the asymptotic con-
vergence factor or spectral radius of the global iteration pro-
cedue is 1~ O[ (AE/n,,)?1, where 7, is the normal extent of
the subsonic flow region. This shows that, for very fine
meshes in the £ direction and/or large n,, (both of which are
frequently necessary to resolve flows with strong iteration),
the convergence process slows significantly.

At this point, it is seen that there is a threefold advantage to
a multigrid method to improve the convergence rate of the
global relaxation procedure: 1) one iteration on a coarser grid
costs less computer time than one on the fine grid because
fewer grid points are involved; 2) with fewer steamwise sta-
tions (larger mesh width) on the coarse grid, information from
downstream reaches the inflow in a reduced number of global
iterations; 3) A& /n,, is larger for the coarse grid, and therefore
the iteration on the coarse grid has a lower convergence factor.

Israeli and Lin® have proposed a modification of the
streamwise pressure-gradient term in the global pressure-
relaxation algorithm to improve the stability of the smoothing
or relaxation operator. It takes the form of a pressure source
term (hereafter referred to as the Israeli source term or IST),
that vanishes on convergence. For w=0, the x-momentum
equation can symbolically be written as

pio'=pi =R;+s] (10)

where R; represents all nonpressure terms. The superscript n
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denotes pressure values being computed during the current
global iteration, and n—1 denotes the values from the
previous global iteration. The IST s7 satisfies

s —sty=pf—p;~! an

The resulting relaxation process then possesses the improved
error-smoothing properties of successive line relaxation. As
discussed in the section on results, this is important for proper
transfer in the multigrid process. For single-grid considera-
tions, the IST can be either used in conjunction with over-
relaxation or omitted altogether. Israeli and Rosenfeld* have
applied multigrid acceleration successfully to RNS computa-
tions with the IST for the flow past a semi-infinite flat plate.

Multigrid Method

The multigrid method is a technique to accelerate the
iterative solution of boundary-value problems on continuous
domains. In recent years, there has been a proliferation of
papers in this field, and the method has been extended to solve
problems other than partial differential equations on con-
tinuous domains. A fairly extensive bibliography of the
multigrid literature may be found in Ref. 13.

The basic idea behind the multigrid method can be des-
cribed briefly as follows. A general boundary-value problem
on a continuous domain D is discretized on a grid of mesh size

_h. The discrete problem may be represented as

Liyh = (12)

where u” is the (discrete) grid function being solved for, L” is
the discrete (finite-difference, finite-element, etc.) operator
analog of the continuous partial-differential matrix operator,
and f* is a given function of the position vector.

Iterative methods begin with an initial approximation uf to
the exact solution #”* of Eq. (12) and involve the repeated ap-
plication of an error-reducing operator or process $* (usually
a “‘relaxation’’ operator, such as the Gauss-Seidel or Jacobi
pointwise relaxation schemes) to generate a sequence of
iterates u/ of the grid function. In the present scheme, the pro-
cess consists of streamwise marching sweeps. At any iteration
level n denote the error grid function by

vi=ul —ul 13)

The residual or defect of ¢/ is defined by
rh=ft— L' (14)

The residual is a grid function similar to the error, but it car-
ries information about how much u! fails to satisfy Eq. (12).
In the present scheme, the continuity and y-momentum equa-
tions are solved exactly and their residuals are zero. Only the
residual associated with the x-momentum equation is nonzero;
this is due to the updating of pressure at the i+ 1 location.

It is characteristic of many processes of S for discrete
systems originating in continuous problems that they relax the
equations in Eq. (12) locally. More precisely, they produce a
smooth (i.e., slowly varying) residual grid function. Repeated
application of the operator $” will have greatly reduced the
small-wavelength or nonsmooth Fourier components of the
error but will have had less effect on the large-wavelength or
smooth components. It is then that the operator S” tends to its
asymptotic convergence rate; this is often extremely slow,
since the local nature of the relaxation S is ineffective on
long-range errors.

Using Eq. (12), Eq. (14) may be rewritten as

L'y — Ll =rt (15)

which is seen to be equivalent to Eq. (12).
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In the multigrid method, Eq. (15) is now transferred to a
coarser grid with mesh size AH. In standard full coarsening,
H=2h and every other grid line of the grid 4 is selected to
form the grid H. Equation (15) is replaced by a coarse-~grid
analog:

LAt — Lyl =rt (16)

where u# and r are known from the nth iteration on the fine
grid, and #¥, which is governed by Eq. (16), may be regarded
as a coarse-grid representation of u”.

It is noted that, if r2 is smooth, it can be well represented on
the coarse grid H. By transferring the second term in Eq. (16)
to the right-hand side, it is seen that Eq. (16) is of the form of
Eq. (12) and, hence, can be solved on grid A using the analog
SH of §*. Solving Eq. (16) requires less work than solving Eq.
(15) because, first, for a two-dimensional domain, Eq. (16)
would involve only one-fourth as many unknowns as Eq. (15).
Second, due to the larger mesh size H, information travels
faster from region to region of the grid and results in an im-
proved convergence rate. From Eq. (15), we may postulate
that, if r# is smooth enough, for most operators L” the error
funcion will also be smooth. Once Eq. (16) has been solved to
a prescribed degree of accuracy, v is interpolated back to
grid A to obtain a good approximation to v”; thus, the major
work in solving Eq. (15) has been carried out less expensively
on a coarser grid H. We note here that no requirement is made
that /* and u” be smooth.

If the grid H is itself extensive enough to make solving Eq.
(16) expensive, Eq. (16) is smoothed (relative to grid H) by ap-
plication of S and is then transferred to a still coarser grid, in
the same way Eq. (16) was obtained from Eq. (15). In fact, if
the transferred problem to be solved on any grid is not con-
verging fast enough, it is transferred to a coarser grid to im-
prove convergence.

Multigrid Components

From the previous paragraphs, it is seen that there are three
basic operations involved in the ‘“coarse-grid correction’’ cy-
cle: the relaxation S" or ¥, a transfer of r? and u/ from the
fine to the coarse grid (often termed a ‘‘restriction’’), and an
interpolation of the error from the coarse to the fine grid
(termed a “‘prolongation’’).

Relaxation:

up=Shup_,
On any grid, the role of the smoother §” is to efficiently
reduce the small-wavelength errors. The large-wavelength er-
ror components will be reduced on coarser grids, relative to
which they appear as small-wavelength components.

Restriction: Equation (16), which is to be solved on the
coarse grid, may be written with all the known quantities on
the right-hand side as

LHgH = pH y [HyH = [Hyh o [ HHyh amn

Here 1§ and f{,’ are fine-to-coarse-grid transfer operators,
which need not be the same. In the present study, the full-
weighting operator, as recommended by Brandt,? was used for
transfer of the x-momentum residual. The restriction of u!
was taken to be the simple injection operator.

Prolongation:

b,y =l + Iy (¥ — ITul) (18)

where I% is the prolongation or coarse-to-fine-grid interpola-
tion operator for the coarse-grid representation of the error
function. It may be noted that it is the error (4 —Iu’) that
must be interpolated and not %, for it is the error that is
smooth; 4" may be nonsmooth so that the direct interpolation
of " may introduce large nonsmooth errors on the fine grid.
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In the present study, only the pressure field is stored and,
hence, only the pressure error function is interpolated back to
the fine grid. Bilinear interpolation was used for this error
function.

Convergence and Work Measures

The multigrid method uses a hierarchy of successively finer
grids indexed by 1,2,...,k...,M. The unit of work is defined as
the work required to perform one relaxation sweep on the
finest grid M. If full standard coarsening is used for a two-
dimensional problem, neglecting boundary effects, the work
of one relaxation sweep on grid k is taken to be (V)M—%
work units. The work involved in computing the residual and
effecting the intergrid transfers has been neglected in com-
parison to that for the relaxation steps.

Since the flow problems that have been solved in this study
are well conditioned, the solution quality at any iteration level
has been measured by a residual norm instead of an error
norm. The norm used is the usual L, norm (rms value).

We must note here that, when a problem is transferred from
a grid k to a coarser grid k—1, it does not pay to solve the
coarser-grid problem exactly. At most, one should bring the
coarse-grid error down to the level of the nonsmooth error
that will be introduced on the fine grid by the prolongation
operator. In the present study, the accommodative C cycle has
been used (see Ref. 1). In this cycle, if the convergence on any
erid k is too slow, the problem is transferred to the coarser
grid k—1 where it is solved to a level where the coarse-grid
residual norm is some fraction of the norm on the grid £ when
the problem was transferred.

Semicoarsening

In certain boundary-value problems, for example, fluid-
flow problems with thin, strongly perturbed boundary layers,
the discrete solution may be extremely sensitive to the mesh
size and stretching in one coordinate direction; for boundary
layers with strong viscous-inviscid interaction, this is typically
the coordinate normal to the wall. In such cases, the standard
full-coarsening procedure may not work very well because the
fine-grid problem cannot be well represented on the coarse
grid. This has been the experience of all previous multigrid in-
vestigators. One solution to such a difficulty is to eliminate the
grid coarsening in that direction and use the multigrid concept
only in the others. For example, if the problem is sensitive to
the grid spacing in the » direction, the coarse grid is formed by
taking every n-const grid line and, as before, every other
£ =const gridline. This is termed semicoarsening.?'3

In the present RNS study, some of the problems considered
have precisely this characteristic. Hence, the use of
semicoarsening for these problems was investigated. The
relaxation operator is implicit in the 5 direction, so that the
coupling of the unknowns is good in this direction. Coarsen-
ing to speed up information transfer is less critical in this
direction. The disadvantage of semicoarsening is that, in two
dimensions, the next coarse grid has about half as many points
as the fine grid. Therefore, a coarse-grid relaxation sweep
would cost half a fine-grid work unit, instead of the one-
fourth unit it would cost on a grid obtained by standard full
coarsening. The work of one relaxation sweep on grid £, in the
semicoarsening procedure, is taken to be (12)M-% work
units. The residual restriction and error prolongation
operators used are one-dimensional versions of those in the
full-coarsening procedure. The stronger convergence proper-
ties of the semicoarsening approach for highly stretched grids
can outweigh the associated work penalty, as is discussed in
the next section.

Results
Trailing-Edge Flow

The first problem considered has been solved by Reddy and
Rubin!® using the global relaxation procedure. It was chosen
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here because of the strong viscous-inviscid interaction and
large pressure gradients. The incompressible laminar flow at
zero incidence past a finite flat plate of unit length is con-
sidered; the Reynolds number is based on plate length. The
geometry is simply y;=0. The specific boundary conditions
associated with this geometry are as follows:

No-slip, no-injection conditions at the wall:

u=0, v=0 at 7=0

Beyond the trailing edge, the no-slip and no-injection condi-
tions are replaced by the symmetry conditions:

u =0, v=0
Freestream conditions at the outer n boundary:

u=1, p=0 at N="Ny

Outflow pressure boundary condition:

pe=0 at  E=fy

It may be noted that the freestream and outflow boundary
conditions can be applied at much smaller distances from the
body than is possible with NS solvers. This is because the dif-
ference equations reflect the convective character of the flow
and the acoustic propagation. Thus, the outflow boundary
can be relatively close to the body. The velocities at the
outflow are computed and do not need to be prescribed. For
subsonic flow, the outflow needs to be only far enough away
to ensure negligible acoustic propagation. For supersonic
flows, no outflow condition is needed. Similarly, the two-
point differencing of the continuity and y-momentum equa-
tions do not require the prescription of v at the freestream
boundary. The upwind differencing yields solutions without
the spatial oscillations associated with the central differencing
of the convective terms often employed in full NS solvers.

To circumvent problems arising at the leading edge £=0,
the inflow is set at £ =£,> 1. The inflow conditions u;, and v;,
are prescribed from a boundary-layer computation.

The flow near the trailing edge assumes the triple-deck
structure first elucidated by Stewartson.!? The interaction
region is characterized by a parameter e=Re~". The stream-
wise extent of the region is of O(€*). In the normal direction,
three regions or decks may be distinguished. The lowest deck
is viscous in nature and has a normal extent of O(¢’). The
middle deck is the displaced boundary layer and is an inviscid
but rotational region with a thickness of O(e*). The upper
deck is an inviscid, irrotational region with a thickness of
O(€*). Rubin and Reddy have shown that the RNS equations
contain all of the terms necessary to capture this behavior, if
the mesh sizes chosen are fine enough to resolve the flow. The

0.c08

0.004 —-‘

0.000 :

—.004

ol\.

—.008 - Re = 10°
1 Ax=Q.01

_o12 ] (Ay)mm=0.0003
] 12165 points

—.016 o
1

—.020 — — T T v
0.5 0.7 0.9 1.1 1.3 1.5 1.7

Fig. 1 Trailing-edge flow: coefficient of pressure.
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computation is carried out from £=0.52 to 1.72 and from
n=0to n=0.6, for a Reynolds number of 10°. A uniform grid
of A¢=0.01 was used in the £ direction. The value of Ay at the
wall was 0.0003. Significant grid stretching was required in the
n direction. A (121 x65) grid in the (£,9) directions was
specified.

The solution for this case, with the same grid, has pre-
viously been obtained by Reddy and Rubin.!® No comparison
with other numerical or analytic data is given in this study,
since the algorithm employed has already been validated
garlier by Reddy® and Rubin and coworkers.!%!! The primary
focus of the present work has been the acceleration of the con-
vergence of the algorithm. The pressure coefficient is shown in
Fig. 1. It is in good agreement with the solution obtained by
Reddy and Rubin.'?

Attempts to use the multigrid method without the IST for
this problem failed. The reason was that, although the relaxa-
tion exhibited good convergence properties, a nonsmooth
residual function on the fine grid remained. This function is
not well represented on the coarser grid; hence, the coarse-grid
correction does not contribute significantly to reducing the
fine-grid error. However, use of the IST produces a smooth
residual function, although the solution itself is not smooth.
The residuals at neighboring stations are of the same sign and
nearly of the same magnitude. As a result, the fine-grid pro-
blem is very well represented on coarser grids, so that most of
the solution is done on the coarsest grid. This results in good
convergence of the multigrid (MG) algorithm. The MG con-
vergence rate is shown in Fig. 2 for different grid levels.
Semicoarscning has been applied throughout. It is seen that
use of the multigrid method results in a considerable savings
of computer time at the éxpense of a small increase in memory

o M=1, no source term
1

[
zzg

oo

2
3
4

RESIDUAL NORM

Semi—Codarsening

Re = 10°

Ax==0.01

(Ay) =0.0003
min

10 i: .
121%65 points
-10.
0 N T e R e AR |
0. 50. 100. 150. 200, 250. 300. 350. 400.
M—WORK

Fig. 2 Trailing-edge flow: MG convergence rate.
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Fig. 3 Trailing-edge flow: comparison of full coarsening and
semicoarsening.
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requirement. An accurate MG solution is obtained in a hun-
dred iterations. This contrasts with thousands of iterations to
obtain a similar level of accuracy on a single grid.

In Fig. 3, a comparison of the performance of the full-
coarsening and semicoarsening schemes is presented. In this
case, it is seen that the semicoarsening is far superior. With the
full-coarsening approximation, it is found that, as increasingly
coarser grids are used, although the convergence on the
coarsest grid is improved, the coarsest grid is unable to repre-
sent properly the variation of the solution in the normal direc-
tion. This effect appears as a drop in the residual norm when
the problem is transferred from the finest to the coarsest grid
(via the intermediate grids), and an upward jump in the norm
when the error is interpolated back from the coarsest to the
finer grids. The semicoarsening procedure is not affected by
this problem. Therefore, it is a much more effective approach
for flow problems in which the solution is very sensitive to the
mesh distribution.

Carter-Wornom Trough

The multigrid algorithm also has been applied to the flow
past the trough investigated by Carter and Wornom.> The
body is a semi-infinite flat plate with a smooth dip. The sur-
face is given by

Yp=—dsech[4(x—x)]

Computations were carried out at Re=80,000, a Mach
number of 0.1, and with a uniform grid spacing of
A£=0.0125. The computation was carried out from £ =1.0 to
£=4.0, with x,=2.5. The grid was again highly stretched in
the 5 direction. At the wall, Ay was 0.0005. The boundary con-

10 j
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]
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Fig. 4 Carter-Wornom trough: MG convergence rate.
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Fig. 5 Carter-Wornom trough: skin friction.
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ditions are the same as for the flat-plate geometry; as dis-
cussed for the flat-platé problem, a boundary-layer profile is
prescribed at the inflow.

Because of the fine mesh and large 5 extent of the domain,
convergence on a single grid is extremely slow. The multigrid
semicoarsening algorithm, with use of the IST, is seen in Fig. 4
to speed up the convergence rate significantly, for a trough of
depth d=0.015. For the MG computations, the outer bound-
ary was_at n =3.0. However, the single grid (SG) relaxation
without the IST displayed oscillatory convergence behavior.
Therefore, the outer boundary was placed at n =15 for the SG
computation to obtain monotonic convergence. The curve
labeled (a) was obtained with inclusion of the IST throughout
the MG process. In the preliminary stages, it is seen that when
the error level is high, the MG convergence rate is rapid.
Later, the convergence process slows to the asymptotic con-
vergence rate of the coarsest grid. Because of the IST, this is
not much faster than that on the fine grid for relaxation
without the IST. Two possible strategies to improve MG con-
vergence rate are: 1) overrelaxation on the coarsest grid, in
conjunction with the IST, and 2) relaxation without the IST
on the coarsest grid. The latter strategy was employed, and the
result is curve (b), which displays a satisfactory MG con-
vergence rate even in the later stages. It was found necessary to
introduce the IST during the last few iterations on the coarsest
grid to smooth the error function before prolongation.

The trough problem was selected primarily to investigate
multigrid performance in the presence of highly stretched
grids and separated flows. For a trough of depth d=0.03, the
boundary layer separates from the surface, and there is flow
recirculation within the trough. Figures 5 and 6 show the skin-
friction and pressure coefficients (based on twice the
freestream dynamic pressure) for this case. The solution has

Re = 80,000
0.03 4 depth = 0.03

241%91 points

o  0.01

0.00

—.01

—.02 T T

Ll e e e B S B o e o
1.00 1.50 2.00 2.50 3.00 3.50 4.00
bl

Fig. 6 Carter-Wornom trough: coefficient of pressure.

Re = 80,000
d = 0.03
Semi-~Coarsening

RESIDUAL NORM
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Fig. 7 Carter-Wornom trough: MG convergence rate.
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also been computed earlier by Reddy.® In the separated-flow
region, the FLARE approximation was used in the x-
momentum equation for these cases. This eliminates the fur-
ther relaxation that would be introduced for the velocities in
the separation region if upwind differencing were used. Figure
7 shows the significant improvement in convergence obtained
by use of the semicoarsening multigrid procedure. This result
represents an important step forward in the development of
fast, low-storage algorithms for high Reynolds-number flows.

Full coarsening is, once again, ineffective for this separated-
flow, highly stretched grid problem. The pressure field ob-
tained on the fine grid by prolongation of the error function
from the coarse grid caused divergence of the local iterations
in the separated-flow region. Thus, the grid coarsening in the
normal direction leads to a poor coarse-grid approximation to
the error function.

A solution was next sought for a trough depth of d=0.06 at
a Reynolds number of 100,000. Curve (a) in Fig. 8 shows the
skin-friction parameter for a step size of 3/144 in the £ direc-
tion. Noteworthy is the ‘‘dip”’’ in the curve before reattach-
ment. The semicoarsening multigrid algorithm performed as
expected. However, of greater interest in this case was the
steepening of the dip and the appearance of oscillations on
refining the fine-grid mesh size to 3/200, as séen from curve
(b) in Fig. 8. On further refinement, no converged solution
was obtainable. The observation of a similar plienomenon in
Navier-Stokes calcuilaiions with a direct solver for the laminar
separation on a sine-wave airfoil by Bender and Khosla!® at
the University of Cincinnati, and asymptotic analysis by F.T.
Smith and coworkers, both point to the result representing
physical behavior rather than a numerical instability. It is
hypothesized that the breakdown may represent the transition
to turbulence, and further study in the form of the introduc-
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Fig. 8 Carter-Wornom trough: skin friction.
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Fig. 9 Parabolic-arc airfoil: coefficient of pressure.
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Fig. 10 Parabolic-are airfoil: isomach contours.
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Fig. 11 Parabolic-arc airfoil: MG convergence rate.
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Fig. 12 Parabolic-arc airfoil: dependence of MG convergence rate
on Mach number.

tion of a turbulence model in the separation region is under
way.

Inviscid Transonic Flow Past a Parabolic-Arc Airfoil

Lai” has shown that the pressure-gradient splitting discussed
in the section on numerical discretization is exactly that sug-
gested by the characteristic analysis of the compressible Fuler
equations, and that the relaxation procedure should therefore
be valid for the solution of inviscid flows as well. Lai has
solved both the viscous and inviscid transonic flows past a
parabolic-arc airfoil at zero incidence. The inviscid flow prob-
lem is used in the present study to test the performance of the
multigrid method when discontinuities (shocks) are present in
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the solution. The body surface of a parabolic-arc airfoil of
unit chord is given by

Yp=2tx(1-x)

where ¢ is the chord-normalized maximum thickness of the
airfoil.

The flow past a 10%-thick (r=0.1) airfoil was computed for
several Mach numbers. Uniform grid spacing of 0.025 was
used for both coordinate directions. The grid of 161 x 121
points extends from one chord upstream to two chords
downstream and extends three chords in the y direction.

Uniform freestream conditions are specified at the inflow.
For the inviscid flow, p=p,, is specified as the single outflow
pressure boundary condition. Freestream conditions are im-
posed on u and p at the outer 4 boundary. On examining the
definition of v, it is seen that v=0 is a uniformly valid condi-
tion at n =0, both off (symmetry condition) and on (tangency
condition) the body. Since inviscid flow (R = o) is being com-
puted, the viscous term in the x-momentum equation and the
no-slip condition on u no longer appear. However, central dif-
ferencing for the convective 5 derivatives in the x-momentum
equation was retained; therefore, a continuation boundary
condition is required. This is satisfied by the x-momentum
equation written at the-surface =0 (j=1).

Figure 9 and 10 depict the pressure coefficient and isomach
contours, respectively, for the flow at a freestream Mach
number of 0.85. There is a shock in the region 0.825 to 0.875
on the airfoil surface. The body-slope discontinuities at the
leading and trailing edges produce pressure peaks. The solu-
tions shown here agree exactly with results obtained by Lai on
a single grid.

The value of o used in calculating the pressure-gradient
splitting factor w was taken to be 0.96, except in the case
M, =0.92, when it was taken to be 0.93. Lower values of «
improve the convergence rate at the expense of increased
numerical viscosity and smearing of the shocks. It is found
that the SG convergence rate deteriorates somewhat with in-
creasing Mach number. i

In view of the better convergence properties and adequate
smoothing properties of the relaxation without the IST, for
compressible inviscid flow, the IST was not used for the
parabolic-arc airfoil computations. Figure 11 shows the im-
provement in convergence rate by using the multigrid method
with different numbers of grids. The freestream Mach number
is 0.85, and a shock is present on the airfoil. Full coarsening
was used for the cases shown. It is seen that there is a signifi-
cant improvement in convergence rate, although the relaxa-
tion algorithm was used without the IST. Uniform grids were
used in all cases. The rather jerky MG convergence is due to
the error introduced in the interpolation from the coarse to the
fine grid in the vicinity of the leading and trailing edges and
the shock; this error causes a sharp rise in the residual on the
fine grid, but this is quickly smoothed. The net effect of the
coarse-grid relaxation is to improve greatly the convergence
rate on the fine grid. In contrast to the viscous flow problems
discussed previously, a significant number of iterations are re-
quired on the finest grid to counteract the error introduced by
the prolongation and, thus, maintain the gain in convergence
produced by the coarser grids.

Figure 12 displays the effect of freestream Mach number on
the MG convergence rate. Full coarsening and four grids were
used in all cases. Paradoxically, the MG performance im-
proves with increasing Mach number. This is in sharp -contrast
to the SG case. This may be related to the splitting of the
pressure-gradient term; the factor w increases with the Mach
number; therefore, the pressure gradient more closely approx-
imates an initial-value-type marching procedure.

The solution does not depend strongly on the grid in the
normal direction. Hence, both full-coarsening and
semicoarsening procedures were equally effective, with the
former being more work-efficient than the latter. However, if
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transonic viscous flow over the airfoil were being computed,
one might speculate that the semicoarsening procedure would
once again prove to be the more effective algorithm.

Summary

The multigrid technique has been applied successfully to
develop a storage-time efficient line-relaxation algorithm for
the RNS equations. The results obtained clearly indicate the
potential of multigrid methods {or the fast numerical solution
of the RNS system for viscous-inviscid low- and high-speed
fluid-flow problems.

Storage for three residual fields and the pressure is required
on the coarse grids. With four grid levels and full coarsening,
overall storage is approximately 2.3125 times the storage re-
quired for pressure on the finest grid. The increase in storage
is much less than for the full Navier-Stokes equations (these
require overall storage of approximately 4.969 times that for
the fine-grid pressure). With the significant improvement in
multigrid convergence, the overall (work X storage) efficiency
is enhanced greatly.

Convergence rate studies of the algorithm have been made
for the steady incompressible laminar flow past the trailing
edge of a finite flat plate. The multigrid convergence was
much faster than the single-grid convergence. The success of
the multigrid process was found to depend strongly on the ef-
ficiency of the underlying relaxation method as an error
smoother. The computed structure of the small viscous-
inviscid interaction region at the trailing edge is sensitive to the
grid spacing and stretching in the normal direction. Flow-
property variations in the normal direction cannot be well
represented on coarser grids. In this instance, it was found
that the performance of the standard multigrid procedure was
hindered by this circumstance. A semicoarsening version of
the multigrid method, where the grid spacing in the normal
direction was the same on all grids, was implemented. This
resulted in greater computational efficiency. In the case of
separated flow in a Carter-Wornom trough, the full-
coarsening procedure failed entirely, while the semicoarsening
procedure was shown to work very efficiently. It is expected
that this modified technique will be an important factor in the
multigrid solution of other high Reynolds number flows that
display similar sensitivity to normal grid spacing. For these
cases, full-coarsening MG is not an effective convergence
accelerator.

Convergence rates also were examined for the inviscid sub-
sonic and transonic flows past a parabolic-arc airfoil. The
multigrid convergence was found to be much faster than the
single-grid convergence. This was found to be the case
although the transonic solutions contained gradient
singularities (shock waves). It was not necessary to modify the
relaxation operator to improve smoothing properties. The
multigrid convergence rate was found to improve as the Mach
number increased.
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